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In this paper, the generalized exponential power (GEP) density is proposed as an importance function
in Monte Carlo simulations in the context of estimation of posterior moments of a location parameter.
This density is divided in five classes according to its tail behaviour which may be exponential,
polynomial or logarithmic. The notion of p-credence is also defined to characterize and to order the
tails of a large class of symmetric densities by comparing their tails to those of the GEP density.

The choice of the GEP density as an importance function allows us to obtain reliable and effective
results when p-credences of the prior and the likelihood are defined, even if there are conflicting
sources of information. Characterization of the posterior tails using p-credence can be done. Hence,
it is possible to choose parameters of the GEP density in order to have an importance function with
slightly heavier tails than the posterior. Simulation of observations from the GEP density is also
addressed.
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1. Introduction

The use of heavy-tailed distributions is a valuable tool in de-
veloping robust Bayesian procedures, limiting the influence of
extremes on posterior inference. (see for instance Meinhold
and Singpurwalla 1989, O’Hagan 1990, Angers and Berger
1991, Carlin and Polson 1991, Angers 1992, Fan and Berger
1992, Geweke 1994, Angers 1996). O’Hagan (1990) intro-
duced the notion of credence to characterize the tails of a
symmetric density on the real line. This notion has been gen-
eralized to p-credence by Angers (2000) to accommodate a
wider class of densities. P-credence of a density is deter-
mined by comparing its tail to a reference density introduced in
Angers (2000), called the generalized exponential power (GEP)
density.

An application of this density in Monte Carlo simulations with
importance sampling is proposed in this paper, in the context of
estimation of the posterior moments of a location parameter.
The GEP density may be a good candidate for the importance
function in Monte Carlo simulations because simulation of ob-

servations from this density is possible. Furthermore, character-
ization of the posterior tails using p-credence (see Angers 2000)
makes it possible to choose the parameters of the GEP density
such that the tails of the importance function are slightly heavier
than those of the posterior.

In Section 2, the GEP density is introduced and the notion
of p-credence is defined to characterize and to order tails of
densities. In Section 3, the importance sampling using the GEP
density as an importance function is addressed. The setting is
given in Section 3.1. The selection of parameters of the GEP
density is addressed in Sections 3.2 and 3.3 and simulation of
observations from this density is considered in Section 3.4. Fi-
nally, an example is provided in Section 4.

2. Generalized exponential power density and
dominance relation using p-credence

The generalized exponential power density is introduced in
Section 2.1.
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2.1. Generalized exponential power density

The general form of the density of the generalized exponen-
tial power family as introduced by Angers (2000) is given
by

p(z | γ, δ, α, β, z0) = K (γ, δ, α, β, z0) exp{−δ max(|z| , z0)γ }
× max(|z| , z0)−α log−β[max(|z| , z0)]

∝
{

e−δ|z|γ |z|−α log−β |z| ; if |z| > z0,

e−δzγ

0 z−α
0 log−β z0; if |z| ≤ z0,

(1)

where z ∈ R, γ ≥ 0, δ ≥ 0 (we set δ = 0 when γ = 0),
α ∈ R, β ∈ R, z0 ≥ 0 and K (γ, δ, α, β, z0) is the normalizing
constant. (Note that the parameters α and β of the GEP density
defined in Angers (2000) have been changed respectively to
−α and −β in order to ease the comparison of p-credences.)
In addition, the parameters γ , δ, α, β and z0 must satisfy the
following conditions:

C1: z0 >

{
1; if β �= 0,

0; if α �= 0, β = 0;

C2: α + β

log z0
+ δγ zγ

0 ≥ 0;

C3: α ≥ 1 if γ = 0;

C4: β > 1 if γ = 0, α = 1.

The first condition is needed in order for the density to be strictly
positive and bounded. The second condition guarantees the uni-
modality of the density and it is always satisfied if z0 is chosen
to be large enough. The third and fourth conditions ensure that it
is a proper density. The density is symmetric with respect to the
origin and is constant for −z0 ≤ z ≤ z0, which puts emphasis
on the tails.

The family of GEP densities which satisfy conditions C1 to
C4 can be divided in five subsets as shown in Table 1. Each
subset is determined by the tail behaviour of the density. The
right tail of a GEP density is equivalent to a generalized gamma
density for type II, it is equivalent to a log-gamma density for
type III, a Pareto density for type IV and a log-Pareto density
for type V. Type I corresponds to a general case. Note that types

Table 1. Five types of the GEP density

Type Parameters

I γ > 0, δ > 0, α ∈ R, β �= 0, z0 > 1 and
α + β

log z0
+ δγ zγ

0 ≥ 0

II γ > 0, δ > 0, α ∈ R, β = 0, z0 > max
(

0, −α

δγ

)1/γ

(z0 ≥ 0 if α = 0)
III γ = 0, δ = 0, α > 1, β �= 0, z0 > max(1, e−β/α)
IV γ = 0, δ = 0, α > 1, β = 0, z0 > 0
V γ = 0, δ = 0, α = 1, β > 1, z0 > 1

Table 2. Normalizing constant and moments of the GEP density

Normalizing constant Moments
Type K (γ, δ, α, β, z0) E(|Z | j ), j > 0

II 1
2

[
e−δzγ

0 z1−α
0 + �( 1−α

γ ,δzγ
0 )

γ δ
1−α
γ

]−1
1

j+1 e−δz
γ
0 z1−α+ j

0 + �( 1−α+ j
γ ,δz

γ
0 )

γ δ

1−α+ j
γ

e−δz
γ
0 z1−α

0 + �( 1−α
γ ,δz

γ
0 )

γ δ
1−α
γ

III 1
2

[
z1−α

0 log−β z0

1
j+1 z1−α+ j

0 log−β z0+ �(1−β,(α− j−1) log z0)

(α− j−1)1−β

z1−α
0 log−β z0+ �(1−β,(α−1) log z0)

(α−1)1−β

+ �(1−β,(α−1) log z0)
(α−1)1−β

]−1
( j < α − 1)

IV
(α−1)zα−1

0
2α

(α−1)z j
0

( j+1)(α− j−1) , ( j < α − 1)

V (β−1)(log z0)β

2(β−1+log z0) ∞

III and IV are heavy-tailed distributions and type V is a super
heavy-tailed distribution (see Reiss and Thomas 1997).

Many known distributions (see Johnson, Kotz and Balakrish-
nan 1994) are special cases of the GEP density. If the parameters
α and z0 of the GEP density of type II are set to 0, it gives the
exponential power density (see Box and Tiao 1962). In addi-
tion, if the parameter γ is set to 2, it gives the normal density
and if the parameter γ is set to 1, it gives the Laplace den-
sity. Furthermore, the right tail of the GEP density of type II is
equivalent to a Weibull density if α = 1 − γ , a gamma den-
sity if γ = 1, a Rayleigh density if γ = 2 and α = −1 and a
Maxwell-Boltzmann density if γ = 2 and α = −2.

The normalizing constant K (γ, δ, α, β, z0) and the j th
moment of |Z | are given in Table 2, except for the GEP density
of type I, which may be evaluated using Monte Carlo simulation
with importance sampling.

Note that in Table 2, �(λ, a) is the incomplete gamma function
defined by

�(λ, a) =
∫ ∞

a
e−uuλ−1du,

λ ∈ R, a > 0 (a ≥ 0 if λ > 0). In particular, when a = 0 and
λ > 0, �(λ, 0) is the gamma function and it is denoted by �(λ).

2.2. Dominance relation using p-credence

The GEP density was introduced to provide a benchmark for the
characterization of the tail behaviour of a density. Such a char-
acterization is addressed by the notion of p-credence, defined in
Angers (2000) as follows:

Definition 1. A density f on R has p-credence (γ, δ, α, β),
denoted by p-cred( f ) = (γ, δ, α, β), if there exist constants
k, K (0 < k ≤ K < ∞) such that for all z ∈ R

k ≤ f (z)

p(z | γ, δ, α, β, z0)
≤ K ,

where p(z | γ, δ, α, β, z0) is given by equation (1). We also write
p-cred(Z ) = (γ, δ, α, β) if the density of Z has p-credence
(γ, δ, α, β).
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The notion of p-credence characterizes the tail behaviour of
a density by comparing it to a GEP density. Essentially, this
definition ensures that f (z) is of order e−δ|z|γ |z|−α log−β |z| for
large values of |z|. P-credence is defined for densities having
the same behaviour in the left and right tails, like the symmetric
densities for example. Note that the parameter z0 is not listed as
an argument in p-credence since it has no influence on the tail
behaviour (see Angers 2000). By Definition 1, it is trivial to see
that p-credence of p(z | γ, δ, α, β, z0) is (γ, δ, α, β). It should
also be noted that allowing γ to be negative would provide no
more generality in the tail behaviour of a density. Furthermore,
most of the usual symmetric densities on R (such as the normal,
Student’s t, Laplace and logistic) are covered by this definition
of p-credence.

Once the tail behaviour of densities have been characterized by
p-credence, a dominance relation can be established to compare
them.

Definition 2. Let f and g be any two densities on R. We say
that

(i) f dominates g, denoted by f � g, if there exists a constant
k > 0 such that f (z) ≥ kg(z), ∀z ∈ R;

(ii) f is equivalent to g, denoted by f ≈ g, if both f � g and
g � f ;

(iii) f strictly dominates g, denoted by f � g, if f � g but
g �� f .

Note that if p-cred( f ) = (γ, δ, α, β) then f ≈
p(· | γ, δ, α, β, z0), where p(· | γ, δ, α, β, z0) is given by equa-
tion (1). The densities are ordered by the dominance relation as
shown in Proposition 1.

Proposition 1. Let f and g be two densities on R such that
p-cred( f ) = (γ ′, δ′, α′, β ′) and p-cred(g) = (γ, δ, α, β) , then

(i) f ≈ g if γ ′ = γ , δ′ = δ, α′ = α and β ′ = β;
(ii) f � g if :

(a) γ ′ < γ ;
(b) γ ′ = γ, δ′ < δ;
(c) γ ′ = γ, δ′ = δ, α′ < α;
(d) γ ′ = γ, δ′ = δ, α′ = α, β ′ < β.

If f ≈ g, we say that f and g have the same p-credence
and we write (γ ′, δ′, α′, β ′) = (γ, δ, α, β). If f � g, we say
that p-credence of f is lower than p-credence of g and we write
(γ ′, δ′, α′, β ′) < (γ, δ, α, β). Finally we write (γ ′, δ′, α′, β ′) ≤
(γ, δ, α, β) if f � g. Note that p-credence of the GEP densities
of types I and II is larger than that of types III and IV, these latter
ones having themselves p-credence larger than that of type V.

Here α and β have been defined differently from Angers
(2000) in order to ease the comparison of p-credences. In fact,
when p-cred( f ) = (γ ′, δ′, α′, β ′) and p-cred(g) = (γ, δ, α, β)
are compared using Proposition 1, the parameters are com-
pared from left to right. As soon as an inequality between two

parameters occurs, we say that the density with the largest pa-
rameter has the largest p-credence.

3. Importance sampling

In this section, the estimation of the posterior moments in
Bayesian inference with location parameter is studied. It is as-
sumed that p-credence of the prior and the likelihood are defined.
The GEP density is proposed as an importance function when
the estimation is performed using Monte Carlo simulations with
importance sampling.

3.1. Setting

Consider n + 1 densities fi (xi − θ ), i = 0, . . . , n, defined on R

with

(i) p-cred( fi ) = (γi , δi , αi , βi ), i = 0, . . . , n,
(ii) the density of the data Xi | θ is fi (xi − θ ), i = 1, . . . , n,

(iii) the prior density of θ is f0(x0 − θ ), where x0 is the prior
location parameter.

If the vector composed of the prior location and the observa-
tions is denoted by x = (x0, x1, . . . , xn), then for j ∈ N, the j th
posterior moment is given by E(θ j | x) = I j (x)/I0(x), where

I j (x) =
∫ ∞

−∞
θ j

n∏
i=0

fi (xi − θ ) dθ.

The algorithm of Monte Carlo for the estimation of E(θ j | x)
consists in generating θ1, . . . , θm from an importance function
g(θ ) and estimating I j (x) by

Î j (x) = 1

m

m∑
k=1

θ
j

k w(θk),

where the weight function w(θk) is given by

w(θk) =
∏n

i=0 fi (xi − θk)

g(θk)
.

The j th posterior moment is then estimated by Ê(θ j | x) =
Î j (x)/ Î 0(x). Note that any multiplicative constant can be added
to the weight function since it cancels out in the evaluation of
Ê(θ j | x).

The choice of g(θ ) is the main issue of this section. The
GEP density with a location parameter, given by p(θ −
µ∗ | γ ∗, δ∗, α∗, β∗, z∗

0), is proposed as an importance function.
The selection of parameters is addressed in the next subsections.

3.2. The uniform part of the importance function

The first criterion for the choice of the parameters of the GEP
density is that the importance function should be close to the
posterior. The posterior density can be multimodal, with possible
modes around the prior location and around each observation.
It is thus difficult to choose an importance function close to the



192 Desgagné and Angers

posterior. However, it should have mass in the same area as that
of the posterior. This will be addressed by the uniform part of
the GEP density.

The parameters µ∗ and z∗
0 are chosen to ensure that the uni-

form part of the GEP density is covering most of the prior and the
likelihood (expressed as a function of θ ). Let us first define the
pth percentile of fi for i = 0, . . . , n, denoted by qp,i , such that∫ qp,i

−∞ fi (z) dz = p. The location parameter of the importance
function is then given by

µ∗ = m1 + m2

2
, (2)

where

m1 = min
i=0,...,n

[xi + qp,i ] and m2 = max
i=0,...,n

[xi + q1−p,i ],

and 0 < p < 0.5. Furthermore, to ensure that the uniform part is
covering at least the area [m1, m2], z∗

0 must satisfy the condition

z∗
0 ≥ m2 − m1

2
. (3)

In practice, the choice of p = 0.05 seems appropriate to cover
a sufficient part of the prior and the likelihood. The choice of
p being arbitrary, a rough approximation of the percentile is
sufficient.

3.3. Characterization of the posterior using p-credence

The second criterion for the choice of the parameters of the GEP
density is that the importance function dominates the posterior.
This is addressed with p-credence of the importance function,
given by (γ ∗, δ∗, α∗, β∗). These parameters are chosen to make
p-credence of the importance function lower than p-credence of
the posterior.

P-credence of the posterior density with one observation is
given in Angers (2000). This result can be generalized to n ≥ 1
as follows:

π (θ | x) � p(θ − µ′ | γ ′, δ′, α′, β ′, z′
0)

where

γ ′ = max
i=0,...,n

γi , δ′ =
n∑

i=0

δi I[γi =γ ′] − ε1 I[γ ′>1],

α′ =
n∑

i=0

αi , β ′ =
n∑

i=0

βi ,

µ′ ∈ R, ε1 ∈ (0,
∑n

i=0 δi I[γi =γ ′]), z′
0 satisfies conditions C1 and

I[a] is the indicator function of the set {a}, and π (θ | x) is the
posterior density under the setup on Section 3.1.

Choosing the parameters of the importance function such that

(γ ∗, δ∗, α∗, β∗) = (γ ′, δ′, α′, β ′), (4)

ensures that it dominates the posterior. Then, z∗
0 can be chosen in

order to satisfy conditions C1 and C2 in addition to the condition

given by equation (3), which gives

z∗
0 = argmin

z′
0≥max[ m2−m1

2 ,I[β′ �=0]+ε2]

(
α′ + β ′

log z′
0

+ δ′γ ′(z′
0)γ

′ ≥ 0

)
,

(5)

where ε2 > 0. Recall that condition C2 is always satisfied if z′
0

is large enough.
Note that ε1 and ε2 must be specified. In practice, it seems

appropriate to choose ε1 = min(0.01, 1
2

∑n
i=0 δi I[γi =γ ′]) and

ε2 = 0.01. A larger value of ε1 would give an importance func-
tion with much heavier tails, which is not necessary.

3.4. Simulation of observations from the GEP density

The third and last desired criterion for the choice of the pa-
rameters of the GEP density consists in being able to simulate
observations from the importance function. The GEP density,
given by p(z | γ, δ, α, β, z0), is symmetric with respect to the
origin and is uniform between −z0 and z0. Hence, if the mass
of the uniform part is denoted by q0 and given by

q0 = Pr[−z0 < Z ≤ z0] = K (γ, δ, α, β, z0)2e−δzγ

0 z1−α
0 log−β z0,

where K (γ, δ, α, β, z0) is the normalizing constant given in
Table 2, then an observation must be simulated from (−∞, −z0]
with probability 1−q0

2 , from a uniform [−z0, z0] with probability

q0 and from (z0, ∞) with probability 1−q0

2 .
An observation z is generated from (z0, ∞) with the inverse

transformation method, depending on the type of the GEP den-
sity as shown in Table 3. Note that F(λ)(·) is the cdf of a gamma
distribution with shape and scale parameters respectively equal
to λ > 0 and 1, and F−1

(λ) (·) is its inverse cdf. An observation
z from (−∞, −z0] is generated in the same way, except for a
change of sign.

There are three cases for which direct simulation with the
inverse transformation method is not possible, that is the GEP
density of type I, type II with α ≥ 1 and type III with β ≥ 1.

However, it is possible to simulate observations with the re-
jection method (see Ross 1997). This algorithm generates a
value from a proposed distribution, which is accepted or rejected

Table 3. Simulation of an observation Z from a GEP density on (z0,
∞)

Type z

II (α < 1)
[

1
δ

F−1
( 1−α

γ )

(
w + (1 − w)F( 1−α

γ )(δzγ

0 )
)]1/γ

III (β < 1) exp
{

F−1
(1−β)(w+(1−w)F(1−β)((α−1) log z0))

α−1

}
IV z0

w
1

α−1

V exp
{

log z0

w
1

β−1

}

note: w ∼ U [0, 1]
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Table 4. Proposals when direct simulation from Z ∼ p(z | γ,

δ, α, β, z0) is not possible

Type Proposal: a GEP density of

I or II (α ≥ 1) type II (α < 1): p(z | γ, δ, α∗∗
(γ,δ,α,β,z0), 0, z0)

III (β ≥ 1) type III (β < 1): p(z | 0, 0, α, 1 − ε3, z0)

according to a probability based on the ratio of the density of in-
terest and the proposed density. For more details, see Desgagné
and Angers (2003).

A proposal for each one of these three cases is suggested
in Table 4. The densities have been chosen for their balance
between simplicity and efficiency. They are GEP densities, like
the densities of interest, and differ from them only by one or two
parameters. Direct simulation of observations from the proposed
densities is done using Table 3.

For the case of the GEP density of type III when β ≥ 1, β

is simply replaced by 1 − ε3, where ε3 > 0. For type II when
α ≥ 1 and for type I, β is set to 0 and α is replaced by α∗∗

(γ,δ,α,β,z0).
The objective was to choose a density as close as possible to
the density of interest, but with heavier tails. A criterion which
respects this objective consists in choosing

α∗∗
(γ,δ,α,β,z0) = arg min

α0<1

[
sup

z

p(z | γ, δ, α, β, z0)

p(z | γ, δ, α0, 0, z0)

]
.

This criterion ensures that the probability of acceptance in the
rejection method is maximized (see Robert, 1996). Explicitly,
we have

α∗∗
(γ,δ,α,β,z0)

=




arg min
α0∈[α+ β

log z0
,min(1,α))

K −1(γ, δ, α0, 0, z0)(α − α0)β ;

if α + β

log z0
< min(1, α),

min(1 − ε4, α); otherwise ,

(6)

where ε4 > 0 and K (γ, δ, α0, 0, z0) is the normalizing constant
for type II given in Table 2.

In practice, ε3 = 0.01 and ε4 = 0.01 seems appropriate.
Furthermore, the minimization of K −1(γ, δ, α0, 0, z0)(α −α0)β

with respect to α0 has to be done numerically. However it can
be shown that this function is strictly convex.

Note that the proposed density can also be used as an im-
portance function in Monte Carlo simulations with importance
sampling to evaluate the normalizing constant or the moments
of the GEP density of type I, where no analytic formulae are
available.

3.5. Selection of parameters of the importance function

As mentioned in Section 3.1, the proposed importance func-
tion is the GEP density given by p(θ − µ∗ | γ ∗, δ∗, α∗, β∗, z∗

0),

as defined by equation (1). The parameters are determined by
equations (2), (4) and (5).

If the importance function is a GEP density for which direct
simulation is not possible, there are two methods to handle it.
Firstly, observations can be simulated with the rejection method,
as seen in Section 3.4. Secondly, the importance function can be
replaced by the appropriate density as given in Table 4. In both
cases observations are generated from the same density, but all
the observations are kept in the second method while some are
rejected in the first one. It is simpler and more effective to use
the second method. More explicitly, the modifications of the
importance function are as follows:

(i) if γ ∗ = 0, δ∗ = 0, α∗ > 1 and β∗ ≥ 1, then replace β∗ by
1 − ε3,

(ii) if γ ∗ > 0, δ∗ > 0, then replace α∗ by α∗∗
(γ ∗,δ∗,α∗,β∗,z∗

0) and β∗

by 0,

where α∗∗
(γ ∗,δ∗,α∗,β∗,z∗

0) is given by equation (6) and ε3 > 0. Note
that it can be shown that this change affects neither the uni-
modality of the importance function, nor its dominance on the
posterior.

4. Example

4.1. Setting

Suppose that a portfolio manager needs a prediction on the re-
turn of the S&P 500 index for the next day. He asks five experts
for their prediction on the return as well as a 95% confidence
interval on this prediction. The manager wants to combine this
information with his prior beliefs using the Bayesian model de-
scribed in Section 3.1. According to this setting, the manager
chooses

fi (xi − θ ) = T5

(
xi − θ

σi

)

for i = 0, 1, . . . , 5, that is a Student density with 5 degrees of
freedom with σi as scale parameter. If its standard deviation is
denoted by si , then σi = √

0.6 si . The Student density is chosen
to ensure a robust inference (see Angers 2000). With standard
deviations equal, the opinion of each source of information has
the same weight.

4.2. Data

The collected information for the predicted return is x =
(0, −0.6, 0.3, 0.5, 0.7, 1.0). Note that all numbers in this ex-
ample are expressed in percentages. The standard deviations
of the predictions, extracted from the confidence intervals
given by the managers and the prior, are vectorized as s =
(1, 0.5, 1, 0.25, 0.5, 0.5). For example, the prior beliefs on the
predicted return consist of a mean of 0 and a standard deviation
of 1, or equivalently a 95% confidence interval of (−2, 2). (It
is assumed that the 95% confidence interval given by an expert
corresponds to the mean plus or minus two standard deviations.)
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Note that the vector of the scale parameters of fi is then given
by σ = (0.775, 0.387, 0.775, 0.194, 0.387, 0.387).

The moments of the posterior distribution of θ are estimated
using Monte Carlo simulations with importance sampling. Three
importance functions, as described below, are compared.

4.3. The importance functions

The first importance function is the GEP density given by p(θ −
µ∗ | γ ∗, δ∗, α∗, β∗, z∗

0). Its parameters are chosen according to
formulae given in Sections 3.2 to 3.4. It is easy to show that the
pth and (1 − p)th percentiles of fi are evaluated respectively as
qp,i = −2.015σi and q1−p,i = 2.015σi if p is set to 0.05. Then
it is possible to evaluate m1 = mini=0,...,n[xi + qp,i ] = −1.561,
m2 = maxi=0,...,n[xi + q1−p,i ] = 1.861 and finally the location
parameter µ∗ = m1+m2

2 = 0.15.
It can be shown that p-credence of each source of information

is (0, 0, 6, 0). It is then easy to show that γ ∗ = δ∗ = 0, α∗ = 36
and β∗ = 0. Finally it can be verified that z∗

0 = m2−m1
2 = 1.711

satisfies equation (5). The density of the importance function
is then given by p(θ − 0.15 | 0, 0, 36, 0, 1.711). This is a GEP
density of type IV (the right tail being a Pareto density) for
which direct simulation is possible using the method described
in Section 3.4.

The two other importance functions are, respectively, a Stu-
dent distribution with 35 and 5 degrees of freedom, both centered
at 0.423 with a standard deviation of 0.183 (that is a scale param-
eter of respectively 0.177 and 0.141). The degrees of freedom
are chosen to match p-credence of the importance function with
respectively that of the posterior and the prior density. The mean
and standard deviation are chosen to match those of the posterior
if

fi (xi − θ ) = N

(
xi − θ

σi

)
,

that is a normal density. In this case, it can be shown that

E(θ | x) =
∑n

i=0

(
xi/s2

i

)
∑n

i=0

(
1/s2

i

) and Var(θ | x) = 1∑n
i=0

(
1/s2

i

) .

4.4. Results

The posterior mean and standard deviation are respectively eval-
uated to E(θ | x) = 0.487 and

√
Var(θ | x) = 0.171. The predic-

tion on the return of the S&P 500 index for the next day is then
estimated to 0.487% with an approximative 95% confidence
interval of (0.145%, 0.829%). The standard error and the ap-
proximative 95% confidence interval of Ê(θ | x) estimated with
10,000 Monte Carlo simulations are given for each importance
function in Table 5. This is a case where no apparent conflict
exists between the sources of information, which explains that
the results are similar, the two concurrent importance functions
having a slightly better precision.

Next, we consider the case by permuting the second and fourth
elements (s1 = 0.25 and s3 = 0.5) of the vector of the standard

Table 5. Standard deviation and 95% confidence interval of the esti-
mate Ê(θ | x) after 10,000 simulations, for the first example

Importance Standard 95%
function error C.I.

p(θ − 0.15 | 0, 0, 36, 0, 1.711) 0.003 0.481 to 0.493
T(df = 35, µ = 0.423, σ = 0.177) 0.002 0.483 to 0.491
T(df = 5, µ = 0.423, σ = 0.141) 0.002 0.483 to 0.491

Table 6. Standard deviation and 95% confidence interval of the esti-
mate Ê(θ | x) after 10,000 simulations, for the second example

Importance Standard 95%
function error C.I.

p(θ − 0.15 | 0, 0, 36, 0, 1.711) 0.004 0.336 to 0.352
T(df = 35, µ = −0.017, σ = 0.177) 0.050 0.244 to 0.444
T(df = 5, µ = −0.017, σ = 0.141) 0.013 0.318 to 0.370

deviation of the prediction. Then a conflict between the predic-
tion of the first expert (−0.6) and the other sources of informa-
tion occurs. The importance functions remain the same ones,
except the Student densities which are now centered at −0.017
instead of 0.423.

The posterior mean is then evaluated to E(θ | x) = 0.344 and
the posterior standard deviation to

√
Var(θ | x) = 0.283. The

standard error and the approximative 95% confidence interval
of Ê(θ | x) estimated with 10,000 Monte Carlo simulations are
given for each importance functions in Table 6. This is a case
where a conflict exists between the sources of information. The
proposed method is not affected by the conflicting information
when the GEP density is the importance function, the standard
deviation of the estimate being similar to that of the first example.
However the precision of the estimate is seriously affected with
the two concurrent importance functions.

The posterior density as well as the three importance functions
are shown in Figs. 1(a) and (b) for the two examples. The location
of the Student densities in the second example underestimates
the location of the posterior, which is explained by the influence
of the conflicting information of the first expert (−0.6). The
densities fi (xi −θ ) = T5((xi −θ )/σi ) are shown for i = 0, . . . , 5
in Figs. 1(c) and (d) for the two examples.

In Figs. 2(a) and (b) the weights (divided by their maxi-
mum) are plotted over their corresponding variates generated
in Monte Carlo simulations, for each importance function and
for the two examples. It is desired that the weights are larger
and more concentrated in the main area of the posterior. Also
the weights should decrease towards 0 when the observations
move away from the posterior. These features are satisfied when
the importance function is the GEP density and for the Stu-
dent density with 5 degrees of freedom, except for the mass
of the weights which is located on the left of the posterior
in the second example. However, the Student density with
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(a) (b)

(c) (d)

Fig. 1. The posterior and the importance functions (a) for the first example, (b) for the second example, the densities fi (xi − θ ) for i = 0, . . . , 5
(c) for the first example, (d) for the second example

(a) (b)

Fig. 2. The weights (divided by their maximum) over their corresponding observation for each importance function (a) for the first example
(b) for the second example



196 Desgagné and Angers

35 degrees of freedom fails to incorporate these even for the first
example.

5. Conclusion

The generalized exponential power density has been proposed as
an importance function in Monte Carlo simulations in the context
of the estimation of posterior moments of a location parameter.
It can be difficult to choose an appropriate importance function
and it must often be done for each case. If p-credences of the prior
and the likelihood are defined, the parameters of the GEP density
are obtained by the equations given in this paper, in an automatic
way whatever the model and the data are. Note that p-credence
is defined for most of the usual symmetric distributions defined
on the real line with an exponential, polynomial or logarithmic
behaviour in their tails.

The choice of the GEP density allows us to obtain reliable
results, even if there are conflicting sources of information. Fur-
thermore, since p-credence of the GEP density is slightly lower
than that of the posterior, the Monte Carlo simulations remain
effective as illustrated in Section 4. The simulation of observa-
tions from the GEP density has been addressed with the inverse
transformation method.
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